As an extension of our recent work, we show, both theoretically and numerically, that the breakdown of agreement between the non-relativistic and relativistic quantum dynamical predictions in the non-relativistic regime also occurs for an electron subjected to a timedependent force.
To study the dynamics of quantum systems in the non-relativistic regime, the standard practice is to use non-relativistic quantum theory, instead of the more complicated relativistic version. This is because it is conventionally thought the former will always yield similar results to the latter [1] . However, we recently proved that this expectation is not true in general for the motion of an electron subjected to a time-independent potential [2] . Furthermore, our numerical results for the free rotor and hydrogen atom showed the agreement between the two theories can break down quickly and the different predictions could be tested experimentally for hydrogen atom [2] . Here we extend our work to the case of a time-dependent potential, in particular, to the periodically kicked rotor.
Consider an electron (with charge e and rest mass 0 ) that is constrained to move in a circle of radius and subjected to an angular-position-dependent electric potential cos(∅) that is turned on periodically, with period T, for an instant. In the nonrelativistic case, if the wave function is expanded in the non-relativistic energy eigenstates of the free rotor
with energies = ℏ 2 2 2 0 2 , the solution of the time-dependent Schrodinger equation leads to an exact mapping of the expansion coefficients from just before the nth kick to just before the (n+1)th kick
which depends on two dimensionless parameters ≡ ℏ and ≡ ℏ 0 2 that are related to the properties of the kicking force. Details of the derivation of the non-relativistic map Eq. (2) are given in [3] .
In the relativistic case, the wave function is expanded in the relativistic energy eigenstates of the free rotor given in [2] (∅, ) = ∑ ( )
with energies = 0 2 [√1 + 2 2 − 1], where
is the normalization constant, and ≡ which also depends on the dimensionless parameters and , where J is a Bessel function of the first kind with integer order, and
The method of deriving the relativistic map Eq. (5) is the same as the derivation of the nonrelativistic map Eq. (2).
In the non-relativistic regime, i.e., ≪ 1 [4] , the relativistic wave function is given by
since ≈ 1
√2
. Keeping the first three terms in the binomial expansion of √1 + 2 2 yields
for the relativistic map since , ≈ 1. In comparison to the non-relativistic map, the relativistic map has an extra phase factor 8 ≪ 1. In this case, the breakdown of agreement between the relativistic and non-relativistic wave functions will take a long time to occur. However, if the condition ≪ 2 is not satisfied, the breakdown of agreement will be faster.
An example of the breakdown of agreement is given in Fig. 1 , where = 2 × 10 −7 , = 10 −7 and = 10 6 . The relativistic and non-relativistic initial expansion coefficients are chosen to be
where 0 = 0.8, 0 = and ̅ = 48. For 0 < 1, the relativistic and non-relativistic initial probability densities are approximately Gaussians in the angle interval [0,2 ] with mean 0 and standard deviation 0 . For both the mean ( Fig. 1(a) ) and standard deviation ( Fig. 1(b) ), the relative difference between the relativistic and non-relativistic values fluctuates as it grows with the kick number. For the mean (standard deviation), the relative difference is 5% (3.7%) and 50% (19%) at kick 52 and 509, respectively. The relativistic and non-relativistic probability densities are still close at kick 52 ( Fig. 1(c) ) but they are very different at kick 509 ( Fig. 1(d) ). 
